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Existence of v-periodic solutions of nth order ordinary differential equations
 .with nonlinear restoring term h x and time-variable coefficients is studied without
 .  .the assumption of boundedness of h x and h9 x . Q 1996 Academic Press, Inc.
1. INTRODUCTION
In this paper, we study the existence of v-periodic solutions of the
nonlinear nth order ordinary differential equation
ny1
n. nyj.x q a t x q h x s p t , 1 .  .  .  . j
js1
 . k 1 1.where the coefficients a t g C R , R , k s n y j y 1; the forcing termj
 .  1 1.  .  1 1.p t g C R , R ; the nonlinear restoring term h x g C R , R ; and all
 .  .  .the a t j s 1, 2, . . . , n y 1 and p t are v-periodic.j
 .  .If the coefficients a t 1 F j F n y 1 are constants, the existence ofj
 .v-periodic solutions of Eq. 1 , as well as the corresponding vector equa-
tion with constant coefficient matrices, has been studied by many authors
 w x.  .  .cf. 2, 3, 5 . But if a t 1 F j F n y 1 are time-variable, only a fewj
w xresults have been made for such a problem. In a recent paper 1 , Andres
proved the existence of v-periodic solutions for the time-variable case
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46
0022-247Xr96 $18.00
Copyright Q 1996 by Academic Press, Inc.
All rights of reproduction in any form reserved.
PERIODIC SOLUTIONS 47
under the conditions
1 1 1 ¦h g C R , R , h9 x F H9, .  .
nv
a q H9 - 1, if n is odd, ¥ / 2 .2p
nvÄb q A q H9 - 1, if n is even, . §1  /2p
v1 ¦
< <h x y p t dt sgn x ) g for x ) R , or .  .  .H
v 0 ¥ 3 .
v1
< <h x y p t dt sgn x - yg for x ) R , .  .  .H §v 0
where H9 and R are positive constants, a , b , and g are positive numbers
Ä .  .relative to a t , j s 1, 2, . . . , n y 1, p t , and v, and A is given byj 1
1 nnr2y1 X YÄA s max y1 a t q y 1 a t . .  .  .1 ny1 ny2 /2 20FtFv
 .  .The hypotheses on the nonlinear restoring term h x in 2 are very
strict restrictions, and they eliminate a number of interesting cases. The
purpose of this paper is to remove such restrictions. To be more precise,
 .we will obtain the existence of v-periodic solutions for 1 under assump-
 .  .  .tion 3 together with other conditions about a t j s 1, 2, . . . , n y 1j
w xonly. Just as in 1 , we will use the Leray]Schauder principle and a priori
estimate arguments to study the existence of v-periodic solutions. But a
priori estimate arguments used in this paper are somewhat different from
w x w xthose used in 1 . In 1 , the first procedure of arguments was to estimate
5 n. 5 5 ny1. 5 5 5 5 5x , then x , . . . , x9 , x were estimated in order. In thisL C C C2
5 5 5 5paper, we will estimate x9 and x in the first step and then estimateL C2
5 ny1. 5 5 ny2. 5 5 5x , x , . . . , x9 simultaneously by using the particular styleC C C
 .of Eq. 1 .
w xLet x represent the integer part of x. Define a sequence as
1
a 1, 1 s 1, a 2, 1 s y , .  .
2
j q 1
a j, i s 0 j s 1, 2, . . . , n y 1; i - 1 or i ) , .  /2
a j, i s ya j y 2, i y 1 y a j y 1, i .  .  .
j q 1
j s 3, . . . , n y 1; i s 1, 2, . . . , . /2
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w . xLet m s n y 1 r2 . If n is odd, we denote
ny1
mq 1  jq1y2 i.A t s y1 a j, i a t , i s 1, 2, . . . , m , .  .  .  .i nyj
js2 iy1
q  4A s max A t , A s max 0, A , i s 1, 2, . . . , m. .i i i i
0FtFv
<  . <If n is even, we will always assume that K s min a t ) 0, and0 F t F v 1
denote
ny1
mq 1  jq1y2 i.B t s y1 d a j, i a t , i s 1, 2, . . . , m , .  .  .  .i nyj
js2 iy1
q  4B s max B t , B s max 0, B , i s 1, 2, . . . , m , .i i i i
0FtFv
 .where d s sgn a t . Now we list some notations,1
 .  .m m2 mq1yi 2 mq1yiv v
q qL s A , M s B , i i /  /2p 2pis1 is1
ny1 2 mvny jy1 nyjy1.c t s y1 a t , J s c t p t , .  .  .  .  .L L j 2 2 /2pjs1
5 5  .in which ? is the usual norm of the Hilbert space L 0, v .L 22
The main theorems of the paper are as follows.
THEOREM 1. Assume that n is odd. If the following hypotheses are
satisfied
 .H1 L - 1;
 .H2 a constant G ) 0 exists such that
v1 J
< <h x y p t dt sgn x ) , ; x G G, .  .H
v v 1 y L .0
or
v1 J
< <h x y p t dt sgn x - y , ; x G G, .  .H
v v 1 y L .0
 .then Eq. 1 has at least one v-periodic solution.
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THEOREM 2. Assume that n is e¨en. If the following hypotheses are
satisfied
 .H3 M - K
 .H4 a constant G ) 0 exists such that
v1 J
< <h x y p t dt sgn x ) , ; x G G, .  .H
v v K y M .0
or
v1 J
< <h x y p t dt sgn x - y , ; x G G, .  .H
v v K y M .0
 .Then Eq. 1 has at least one v-periodic solution.
 .  .Remark 1. In the case that a t s a j s 1, 2, . . . , n y 1 are con-j j
stants, we compare Theorem 1 and Theorem 2 with the results in the
 .papers mentioned above. If n s odd, then m s n y 1 r2 and
my iA s y1 a , i s 1, 2, . . . , m , .i 2 my2 iq2
therefore
 .m 2 mq1yiq vmy iL s y1 a . 2 my2 iq2  /2pis1
m 2 rq vrq1s y1 a , . 2 r  /2prs1
 .and condition H1 in Theorem 1 reduces to
m 2 rq vrq1y1 a - 1. . 2 r  /2prs1
w xThis inequality is just the one in Remark 2 in paper 1 by deleting the
 .n  .term H9 vr2p in it. If n s even, then m s n y 2 r2 and
my iB s y1 d a , i s 1, 2, . . . , m , .i 2 my2 iq3
from which we see that
 .m 2 mq1yiq vmy iM s y1 d a . 2 my2 iq3  /2pis1
m 2 rq vrq1s y1 d a . . 2 rq1  /2prs1
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< <  .On the other hand, K s a s d a , therefore condition H3 in Theorem 21 1
reduces to
qm 2 ra v2 rq1rq1y1 - 1. .  /a 2p1rs1
This inequality is relative to the coefficients with odd indices only. It
w xdiffers from the conditions in 1, 2 .
Remark 2. Since boundedness assumptions are assumed neither on
 .  .h x nor on h9 x in Theorems 1 and 2, we can find a very large number of
functions which satisfy the conditions in this paper, but do not satisfy the
w xconditions in 1 . For example,
h x s xe x 2 q x 4 , .
h x s yx 5 q x q 2 q cos x , .
cos x
3 < <h x s x q x q ln 1 q x q sin x q , .  . 21 q sin x
and so on, are such functions. To our best knowledge, existence of
 .v-periodic solutions of 1 with nonlinear restoring term such as the above
functions has not been studied in previous works.
2. PRELIMINARIES AND LEMMAS
It is easy to see that all roots of the binomial ln q c differ from all
< <integer multiples of 2p irv if c ) 0 is sufficiently small. Fix such a
number c and consider the following differential equations with a parame-
w xter l g 0, 1
ny1
n. nyj.x q l a t x q lh x q 1 y l cx s l p t . 4 .  .  .  .  . lj
js1
Let
ny1 1 1 < 1X s x g C R , R x t q v s x t , ; t g R , 4 .  .  .
1 1 < 1Z s x g C R , R x t q v s x t , ; t g R , 4 .  .  .
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be two Banach spaces with the norms
ny1 ny1
 i.  i.5 5 5 5x s x s max x t , . X C w0, v x
0FtFvis0 is0
5 5 5 5x s x s max x t . .Z C w0, v x
0FtFv
Define operators L and N as
< n 1 1dom L s x g X x g C R , R , 4 .
L:dom L ; X ª Z, x t ª x n. t q cx t , .  .  .
ny1
nyj.N : X ª Z, x t ª p t y a t x t y h x t q cx t . .  .  .  .  .  . . j
js1
The operator L:dom L ª Z is one-to-one since the binomial ln q c has
no roots of integer multiples of 2p irv. By the well known Arzela]Ascoli
theorem, K s Ly1 :Z ª X is a completely continuous linear operator. On
the other hand, N: X ª Z is a continuous bounded operator, so A s
 .KN: X ª X is completely continuous. x t being an v-periodic solution of
 .4 is equivalent to x g dom L being a solution of the operator equationl
Lx s lNx, and therefore equivalent to x g X being a fixed point of l A.
 .According to the Leray]Schauder principle, to show that 1 has an
 <v-periodic solution, it is sufficient to show that G s x g X there exists
 . 4l g 0, 1 such that x s l Ax is a bounded set in X, i.e., a constant
 .M* ) 0 exists such that if x g X is a solution of 4 , 0 - l - 1, thenl
5 5x F M*.X
1 1 1.  .  . v  .LEMMA 1. If u g C R , R , u t s u t q v , and H u t dt s 0, then0
2v vv2 2
u t dt F u9 t dt . 5 .  .  .H H /2p0 0
w xLemma 1 is known as the Wirtinger inequality, see 4, p. 9 for the proof.
 . w . xLEMMA 2. Let r j s j q 1 r2 . If x g X, then
 .r j
v v 2 j.  jq1y2 i.  i.a t x t x9 t dt s a j, i a t x t dt , .  .  .  .  .  .H Hny j nyj
0 0is1
j s 1, 2, . . . , n y 1. 6 .
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 .Proof. By the definition of a j, i , it is easy to see that the identity in
 .6 is valid when j s 1. If j s 2, using integration by parts and periodicity
 .  .of a t and x t , we see thatny2
v v1 2Y Xa t x t x9 t dt s y a t x9 t dt .  .  .  .  .H Hny2 ny220 0
v 2Xs a 2, 1 a t x9 t dt , .  .  .H ny2
0
 .  .hence the identity in 6 is still valid. Assume that the identity in 6 is
 .tenable for k s 1, 2, . . . , j 2 F j - n y 1 , then for k s j q 1, using inte-
 .  .gration by parts, periodicity of a t and x t , the inductive assump-ny jy1
 .tion and the definition of a j, i , we have that
v
 jq1.a t x t x9 t dt .  .  .H ny jy1
0
v v
X  j.  j.s y a t x t x9 t dt y a t x t x0 t dt .  .  .  .  .  .H Hny jy1 nyjy1
0 0
 .r j
v 2 jq2y2 i.  i.s y a j, i a t x t dt .  .  . H ny jy1
0is1
 .r jy1
v 2 jy2 i.  iq1.y a j y 1, i a t x t dt .  .  . H ny jy1
0is1
 .r j
v 2 jq2y2 i.  i.s y a j, i a t x t dt .  .  . H ny jy1
0is1
 .r jq1
v 2 jq2y2 i.  i.y a j y 1, i y 1 a x t dt .  . H ny jy1
0is2
 .r jq1
v 2 jq2y2 i.  i.s y a j, i a x t dt .  . H ny jy1
0is1
 .r jq1
v 2 jq2y2 i.  i.y a j y 1, i y 1 a x t dt .  . H ny jy1
0is1
 .r jq1
v 2 jq2y2 i.  i.s a j q 1, i a x t dt. .  . H ny jy1
0is1
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 .So the identity in 6 is tenable for all j s 1, 2, . . . , n y 1. This completes
the proof.
LEMMA 3. If x g X, then
w xnr2ny1 ny1v v 2 j.  jq1y2 i.  i.a t x t x9 t dt s a j, i a t x t dt. .  .  .  .  .  .  H Hny j nyj
0 0js1 is1 js2 iy1
 . w . x w x  .Proof. For j s 1, 2, . . . , n y 1, r j s j q 1 r2 F nr2 . If i ) r j ,
 .i.e., j - 2 i y 1, then a j, i s 0. According to Lemma 2, we have that
ny1 v
 j.a t x t x9 t dt .  .  . H ny j
0js1
 .r jny1 v 2 jq1y2 i.  i.s a j, i a t x t dt .  .  .  H ny j
0js1 is1
w xnr2ny1 v 2 jq1y2 i.  i.s a j, i a t x t dt .  .  .  H ny j
0js1 is1
w xnr2 ny1 v 2 jq1y2 i.  i.s a j, i a t x t dt .  .  .  H ny j
0is1 js1
w xnr2 ny1 v 2 jq1y2 i.  i.s a j, i a t x t dt. .  .  .  H ny j
0is1 js2 iy1
This completes the proof.
 .LEMMA 4. Assume that n s odd, L - 1. If x t is an v-periodic solution
 .of 4 , 0 - l - 1, thenl
2 m1 v
x9 t F p t . .  .L L2 2 /1 y L 2p
 .  .Proof. Multiplying 4 by x9 t and then integrating from 0 to v, byl
Lemma 3 we obtain that
m ny1v v 2n.  jq1y2 i.  i.x t x9 t dt q l a j, i a x t dt .  .  .  . H H ny j
0 0is1 js2 iy1
v
s l p t x9 t dt. .  .H
0
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So we can use integration by parts to conclude that
v v2 mmq1. n.x t dt s y1 x t x9 t .  .  .  .H H
0 0
m v v2 m i.s l A t x t q l y1 p t x9 t dt .  .  .  .  . H Hi
0 0is1
m v 2q  i.F l A x t q l p t x9 t .  .  .L L H i 2 2
0is1
m v 2q  i.F A x t q p t x9 t . .  .  .L L H i 2 2
0is1
Using the Wirtinger inequality, we see that
2 kv vv2 2 i.  iqk .x t dt F x t dt , 1 F i F i q k F n , .  .H H /2p0 0
therefore,
 .m 2 mq1yiv2 2mq1. q mq1.x t F A x t .  .L L i2 2 /2pis1
mv
mq1.q p t x t .  .L L2 2 /2p
mv2mq1. mq1.s L x t q p t x t , .  .  .L L L2 2 2 /2p
which means, since L - 1, that
m1 v
mq1.x t F p t . .  .L L2 2 /1 y L 2p
Still using the Wirtinger inequality, we arrive at
m 2 mv 1 v
mq1.x9 t F x t F p t . .  .  .L L L2 2 2 /  /2p 1 y L 2p
The proof is completed.
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 .LEMMA 5. Assume that n s even and M - K. If x t is an v-periodic
 .solution of 4 , 0 - l - 1, thenl
2 m1 v
x9 t F p t . .  .L L2 2 /K y M 2p
w . xProof. From m s n y 1 r2 and n s even we see that n s 2m q 2
w x  .  .and nr2 s m q 1. Multiplying 4 by x9 t and then integrating from 0l
to v, according to Lemma 3 we get that
mq1 ny1v v2 jq1y2 i.  i.a j, i a t x t dt s p t x9 t dt. .  .  .  .  . H Hny j
0 0is1 js2 iy1
 .  .  .mBy the definition of a j, i , a 2m q 1, m q 1 s y1 , hence
m ny1v v2 2m mq1.  jq1y2 i.  i.y1 a t x t dt q a j, i a t x t dt .  .  .  .  .  . H H1 nyj
0 0is1 js2 iy1
v
s p t x9 t dt , .  .H
0
from which we see, according to the wirtinger inequality, that
v v2 2mq1. mq1.K x t dt F d a t x t dt .  .  .H H 1
0 0
m v v2 m i.s B t x t dt q y1 d p t x9 t dt .  .  .  .  . H Hi
0 0is1
m v 2q  i.F B x t dt q p t x9 t .  .  .L L Hi 2 2
0is1
 .m 2 myiq1 vv 2q mq1.F B x t dt . Hi  /2p 0is1
mv
mq1.q p t x t .  .L L2 2 /2p
mv2mq1. mq1.F M x t q p t x t . .  .  .L L L2 2 2 /2p
So we conclude that
m1 v
mq1.x t F p t , .  .L L2 2 /K y M 2p
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therefore
m 2 mv 1 v
mq1.x9 t F x t F p t . .  .  .L L L2 2 2 /  /2p K y M 2p
The proof is completed.
3. THE PROOF OF THEOREM 1 AND THEOREM 2
Proof of Theorem 1. It is sufficient to prove that there exists a M* ) 0
5 5  .  .  .such that x F M* for any v-periodic solution x t of 4 0 - l - 1 .X l
 .  .  .Let x t be an v-periodic solution of 4 , 0 - l - 1 . We claim first thatl
<  . <there exists a 0 F t F v such that x t F G. In fact, if this is not true0 0
 .  .  .then min x t ) G or max t - yG. Integrating 4 from 00 F t F v 0 F t F v l
to v we see that
ny1 v v v
nyj.l a t x t dt q l h x t dt q 1 y l c x t dt .  .  .  .  . . H H Hj
0 0 0js1
v




l h x t y p s ds sgn x t dt q 1 y l c x t dt .  .  .  .  . .H H H
v0 0 0
ny1v ny jy1 nyjy1.s yl y1 a t x9 t sgn x t dt .  .  .  .H j
0 js1
v
s yl c t x9 t sgn x t dt . 7 .  .  .  .H
0
 .  .If the first inequality of H2 is satisfied, then the constant c in 4 isl
 .taken to be positive. Using Lemma 4 and 7 we see that
v vJ 1
l - l h x t y p s ds sgn x t dt F l c t x9 t .  .  .  .  . . L LH H 2 21 y L v0 0
2 m1 v J
F l c t p t s l . .  .L L2 2 /1 y L 2p 1 y L
 .This is a contradiction. If the second inequality in H2 is satisfied, then
 .the constant c in 4 is taken to be negative, and in a similar way to thatl
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in the first case, still we can come to a contradiction. Therefore a
w x <  . <t g 0, v exists such that x t F G. By Lemma 4 again we see that0 0
vt
max x t s max x t q x9 s ds F x t q x9 s ds .  .  .  .  .H H0 0
0FtFv 0FtFv t 00
1r2
v 21r2F G q v x9 s dx .H /0
2 m1 v
1r2F G q v p t J M . 8 .  .L 02 /1 y L 2p
<  i. . <  .To estimate max x t i s 1, 2, . . . , n y 1 , we denote0 F t F v
 i.q s max x t , i s 0, 1, 2, . . . , n. .i
0FtFv
Let h be a positive real number. By Taylor's expansion formula, we have
that
x ny1. t . ny1x t q jh s x t q x9 t jh q ??? q jh .  .  .  .
n y 1 ! .
x n. t q u jh .j nq jh , j s 1, 2, . . . , n y 1, 9 .  .
n!
where 0 - u - 1, j s 1, 2, . . . , n y 1. Denotej
x n. t q u jh .j n
d s x t q jh y x t y jh , j s 1, 2, . . . , n y 1. .  .  .j n!
 .Then 9 can be written as
¡ 2 ny1h h
ny1.hx9 t q x0 t q ??? q x t s d , .  .  . 12! n y 1 ! .
2 ny12h 2h .  .
ny1.2hx9 t q x0 t q ??? q x t s d , .  .  . 22! n y 1 ! .~
???
2 ny1n y 1 h n y 1 h .  . .  .Y ny1.n y 1 hx9 t q x t q ??? q x t .  .  .  .
2! n y 1 ! .¢s d ,ny1
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which can be regarded as a system of linear equations about
 .  . ny1. .x9 t , x0 t , . . . , x t , and the determinant of its coefficients is
2 ny1h h
h ???
2! n y 1 ! .
2 ny12h 2h .  .
2h ???
D s 2! n y 1 ! .
??? ??? ??? ???
2 ny1n y 1 h n y 1 h .  . .  .
n y 1 h ??? .
2! n y 1 ! .
1 1 ??? 1
nny1.r2 ny2h 1 2 ??? 2
s ??? ??? ??? ???1!2! ??? n y 2 ! .
ny21 n y 1 ??? n y 1 .  .
hnny1.r2
nny1.r2s j y i s h . .1!2! ??? n y 2 ! . 1Fi-jFny1
Let D denote the determinant produced by replacing the jth column in Dj
 .Twith d , d , . . . , d , i.e.,1 2 ny1
jy1 jq1 ny1h h h
h ??? d ???1j y 1 ! j q 1 ! n y 1 ! .  .  .
jy1 jq1 ny12h 2h 2h .  .  .
2h ??? d ???2D s .j y 1 ! j q 1 ! n y 1 ! .  .  .j
??? ??? ??? ??? ??? ??? ???
jy1 jq1 ny1n y 1 h n y 1 h n y 1 h .  .  . .  .  .
n y 1 h ??? d ??? . ny 1j y 1 ! j q 1 ! n y 1 ! .  .  .
According to the expansion property of determinants, we see that
ny1
nny1.r2yjD s h d d , j s 1, 2, . . . , n y 1,j i j i
is1
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 .where d i, j s 1, 2, . . . , n y 1 is the algebraic cofactor of the entrancei j
at the ith row and the jth column in the determinant
1 1 ??? 1
2 ny12 2 ??? 2
.??? ??? ??? ???
2 ny1n y 1 n y 1 ??? n y 1 .  .  .
By the theory of systems of linear equations,
ny1D j j. yjx t s s h d d , j s 1, 2, . . . , n y 1. .  i j iD is1
Since
n.x t q u ih .i n
< <d s x t q ih y x t y ih .  .  .i n!
n
ih .
F 2 q q q , i s 1, 2, . . . , n y 1,0 nn!
we see that, for any h ) 0,
nny1 ih .
 j. yj < <x t F h d 2 q q q .  i j 0 n /n!is1
s P hyj q q Q hny jq , j s 1, 2, . . . , n y 1,j 0 j n
where
ny1 ny11
n< < < <P s 2 d , Q s d i , j s 1, 2, . . . , n y 1 j i j j i jn!is1 is1
are constants. Therefore, for any h ) 0,




h s h sj  /n y j Q q . j n
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 .in the last inequality and using 7 , we see that
jrn  .nyj rnn y j Q q jP q . j n j 0
q F P q q Q qj j 0 j n / /jP q n y j Q q .j 0 j n
jrnn n y j
1y jr n jr n 1yjr n jr ns P Q q qj j 0 n /n y j j
F R q jr n , j s 1, 2, . . . , n y 1, 10 .j n
in which
jrnn n y j
1y jr n jr n 1yjr nR s P Q M , j s 1, 2, . . . , n y 1j j j 0 /n y j j
 .are positive numbers not relative to x t and 0 - l - 1. Denote
UA s max a t , j s 1, 2, . . . , n y 1, .j j
0FtFv
 U U U 4A s max A , A , . . . , A ,1 2 ny1
H s max h x , P s max p t , .  .
yM FxFM 0FtFv0 0
 .  .then the combination of 4 and 10 leads tol
ny1
n.  j. < <x t F A x t q H q c M q P .  . 0
js1
ny1




jr n < <q F A R q q H q c M q P .n j n 0
js1
 .So there exists a number M ) 0, which is not depending on x t andn
 .0 - l - 1, such that q F M . Again from 10 we see thatn n




M* s M , j
js0
 .  .  .  .then, in view of 8 and 11 , for any v-periodic solution x t of 4 withl
0 - l - 1, we have that
ny1 ny1 ny1
Uj5 5x s max x t s q F M s M . .  X j j
0FtFvjs0 js0 js0
 .Therefore Eq. 1 possesses at least one v-periodic solution. The proof is
completed.
 .  .Proof of Theorem 2. If x t is an v-periodic solution of 4 withl
 .0 - l - 1, then just as in the proof of Theorem 1 we get the identity 7 .
<  . <  .So if min x t ) G and the first inequality in H4 holds, then by0 F t F v
 .taking the number c in 4 to be positive and using Lemma 5, we havel
that
v vJ 1
l - l h x t y p s ds sgn x t dt .  .  . .H HK y M v0 0
F l c t x9 t .  .L L2 2
2 m1 v J
F l c t p t s l , .  .L L2 2 /K y M 2p K y M
<  . <which is a contradiction. If min x t ) G and the second inequality0 F t F v
 .  .in H4 holds, then by taking the number c in 4 to be negative, we comel
<  . <to a contradiction in a similar way. Hence it must be that min x t0 F t F v
<  . <F G. Taking a 0 F t F v such that x t F G and using Lemma 5 we0 0
see that
v
1r2max x t F x t q x9 s ds F G q v x9 t .  .  .  . LH0 2
0FtFv 0
2 m1 v
1r2F G q v p t J N . . L 02 /K y M 2p
The remainder of the proof is just the same as the corresponding part of
the proof of Theorem 1. The proof is completed.
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Remark 3. For n s odd, let
<  4Q s j 1 F j F m , A - 0 j m q 1 , 4j
<R s j 1 F j F m , A ) 0 , A s 1, 4j mq1
 .  .then the conditions H1 and H2 in Theorem 1 can be replaced by the
 .  .less restricted conditions H1 * and H2 *, respectively.
 .H1 * There exists a decomposition of R by its disjoint subsets
 .R j g Q : R s D R , such thatj jg Q j
 .a R s B or i - j for any i g R ,j j
 . < <  .2 jyi.b for j g Q, if R / B, then A y  A vr2p ) 0.j j ig R ij
 .H2 * There exists a G ) 0 such that
v1
< <h x y p t dt sgn x ) g , ; x G G, .  .H /v 0
or
v1
< <h x y p t dt sgn x - yg , ; x G G, .  .H /v 0
where
y1
 .¡ 2 jyi1 v~ < <g s min A y Aj i  /¢  /v 2pjgR , R /Bj igR j
=
 . ¦2 jy1v ¥c t p t . .  .L L2 2 / §2p
For n s even, let
<  4S s j 1 F j F m , B - 0 j m q 1 , 4j
<T s j 1 F j F m , B ) 0 , B s K . 4j mq1
 .  .  .then the conditions H3 and H4 in Theorem 2 can be replaced by H3 *
 .and H4 *, respectively.
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 .H3 * There exists a decomposition of T by its disjoint subsets
 .T j g S :T s D T , such thatj jg S j
 .c T s B or i - j for any i g T ;j j
 . < <  .2 jyi.d for j g S, if T / B, then B y  B vr2p ) 0.j j ig T ij
 .H4 * There exists a G ) 0 such that
v1
< <h x y p t dt sgn x ) t , ; x G G, .  .H /v 0
or
v1
< <h x y p t dt sgn x - yt , ; x G G, .  .H /v 0
where
y1
 .¡ 2 jyi1 v~ < <t s min B y Bj i  /¢  /v 2pjgT , T /Bj j igTj
=
 . ¦2 jy1v ¥c t p t . .  .L L2 2 / §2p
w x  .Remark 4. Mawhin 6 has studied a related problem. As to Eq. 1 , if
 .  .  . w xa t j s 1, 2, . . . , n y 1 are constants, the condition A in 6 can bej
translated into the following form.
 .If n s odd, A means that there exists integers p and k satisfying
0 F 2k F p y 1 F n y 1 such that
i ¦a / 0; y1 a G 0, 1 F 2 i F p; .2 k 2 i
m k2 r 2 r ¥v v
< < < <if p - n , a - a , 2 r 2 r /  / §2p 2pw . x rs0rs pq2 r2
where a s 1. In particular, if a ) 0, it must be that p s 1 and k s 0,0 2
 .and A can be written as
m 2 rv
< <a - 1. 2 r  /2prs1
 .  .  .In this case A is more restricted than H1 see Remark 1 .
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 .If n s even, A means that there exist integers p and k satisfying
0 F 2k q 1 F p y 1 F n y 1 such that
iqk ¦a / 0; y1 a a G 0, 1 F 2 i q 1 F p; .2 kq1 2 iq1 2 kq1
m k2 r 2 r ¥v v
< < < <if p - n , a - a . 2 rq1 2 rq1 /  / §2p 2pw . x rs0rs pq1 r2
 .In the case a a ) 0, it must be that 1 F p F 2 and k s 0, and A1 3
reduces to
m 2 ra v2 rq1
- 1,  /a 2p1rs1
 .  .which is more restricted than H3 see also Remark 1 .
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